We consider a variant of Heilbronn's triangle problem by asking for fixed dimension d ≥ 2 for a distribution of n points in the d-dimensional unit-cube [0, 1] d such that the minimum (2-dimensional) area of a triangle among these n points is maximal. Denoting this maximum value by ∆ of f −line d (n) and ∆ on−line d (n) for the off-line and the online situation, respectively, we will show that c1·(log n) 1/(d−1) /n 2/(d−1) ≤ ∆ of f −line d (n) ≤ C1/n 2/d and c2/n 2/(d−1) ≤ ∆ on−line d (n) ≤ C2/n 2/d for constants c1, c2, C1, C2 > 0 which depend on d only.
Introduction
Given any integer n ≥ 3, originally Heilbronn's problem asks for the maximum value ∆ 2 (n) such that there exists a configuration of n points in the twodimensional unit-square [0, 1] 2 where the minimum area of a triangle formed by three of these n points is equal to ∆ 2 (n). For primes n, the points P k = 1/n·(k mod n, k 2 mod n), k = 0, 1, . . . , n−1, easily show that ∆ 2 (n) = Ω(1/n 2 ). Komlós, Pintz and Szemerédi [11] improved this to ∆ 2 (n) = Ω(log n/n 2 ) and in [5] the authors provide a deterministic polynomial time algorithm achieving this lower bound, which is currently the best known. From the other side, improving earlier results of Roth [14] [15] [16] [17] [18] and Schmidt [19] , Komlós, Pintz and Szemerédi [10] proved the upper bound ∆ 2 (n) = O(2 c √ log n /n 8/7 ) for some constant c > 0. Recently, for n randomly chosen points in the unit-square [0, 1] 2 , the expected value of the minimum area of a triangle among these n points was determined to Θ(1/n 3 ) by Jiang, Li and Vitany [9] .
A variant of Heilbronn's problem considered by Barequet [2] asks, given a fixed integer d ≥ 2, for the maximum value ∆ * d (n) such that there exists a distribution of n points in the d-dimensional unit-cube [0, 1] d where the minimum volume of a simplex formed by some (d + 1) of these n points is equal to ∆ * d (n). He showed in [2] the lower bound ∆ * d (n) = Ω(1/n d ), which was improved in [12] to ∆ * d (n) = Ω(log n/n d ). In [13] a deterministic polynomial time algorithm was given achieving the lower bound ∆ * 3 (n) = Ω(log n/n 3 Here we will investigate the following extension of Heilbronn's problem to higher dimensions: for fixed integers d ≥ 2 and any given integer n ≥ 3 find a set of n points in the d-dimensional unit-cube [0, 1] d such that the minimum area of a triangle determined by three of these n points is maximal. We consider the off-line as well as the on-line version of our problem. In the off-line situation the number n of points is given in advance, while in the on-line case the points are positioned in [0, 1] d one after the other and at some time this process stops. Let the corresponding maximum values on the minimum triangle areas be denoted by ∆ of f −line d (n) and ∆ on−line d (n), respectively. Theorem 1. Let d ≥ 2 be a fixed integer. Then, for constants c 1 , c 2 , C 1 , C 2 > 0, which depend on d only, for every integer n ≥ 3 it is
The lower bounds (1) and (2) differ only by a factor of Θ((log n) 1/(d−1) ). In contrast to this, the lower bounds in the on-line situation considered by Barequet [3], i.e. maximizing the minimum volume of simplices among n points in [0, 1] d , differ by a factor of Θ(n 1/3 · log n) for dimension d = 3 and by a factor of Θ(n 31/24 · log n) for dimension d = 4 from the currently best known lower bound ∆ * d (n) = Ω(log n/n d ) for any fixed integer d ≥ 2 in the off-line situation. In the following we will split the statement of Theorem 1 into a few lemmas.
The Off-Line Case
A line through points P i , P j ∈ [0, 1] d is denoted by P i P j . Let dist (P i , P j ) be the Euclidean distance between the points P i and P j . The area of a triangle determined by three points P i , P j , P k ∈ [0, 1] d is denoted by area (P i , P j , P k ), where area (P i , P j , P k ) := dist (P i , P j ) · h/2 and h is the Euclidean distance from point P k to the line P i P j . First we will prove the lower bound in (1) from Theorem 1, namely Lemma 1. Let d ≥ 2 be a fixed integer. Then, for some constant c 1 = c 1 (d) > 0, for every integer n ≥ 3 it is
Proof. Let d ≥ 2 be a fixed integer. For arbitrary integers n ≥ 3 and a constant α > 0, which will be specified later, we select uniformly at random and independently of each other N = n 1+α points P 1 , P 2 , . . . , P N in the d-dimensional unit-cube [0, 1] d . For fixed i < j < k we will estimate the probability that area (P i , P j , P k ) ≤ A for some value A > 0 which will be specified later. The point P i can be anywhere in [0, 1] d . Given point P i , the probability, that point
